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We consider a real scalar field with an arbitrary negative bulk mass term in a general 5D setup,
where the extra spatial coordinate is a warped interval of size piR. When the 5D field verifies
Neumann conditions at the boundaries of the interval, the setup will always contain at least one
tachyonic KK mode. On the other hand, when the 5D scalar verifies Dirichlet conditions, there is
always a critical (negative) mass M2c such that the Dirichlet scalar is stable as long as its (negative)
bulk mass µ2 verifies M2c < µ
2. Also, if we fix the bulk mass µ2 to a sufficiently negative value,
there will always be a critical interval distance piRc such that the setup is unstable for R > Rc.
We point out that the best mass (or distance) bound is obtained for the Dirichlet BC case, which
can be interpreted as the generalization of the Breitenlohner-Freedman (BF) bound applied to
a general compact 5D warped spacetime. In particular, in a slice of AdS5 the critical mass is
M2c = −4k
2 − 1/R2 and the critical interval distance is given by 1/R2c = |µ
2| − 4k2, where k is the
AdS5 curvature (the 5D flat case can be obtained in the limit k → 0, whereas the infinite AdS5
result is recovered in the limit R→∞).
PACS numbers:
In recent times the possibility of existence of extra spa-
tial dimensions [1, 2, 3, 4, 5, 6, 7, 8] has become a widely
accepted possibility. In a relatively simple framework,
this opens new approaches to deal with some of the puz-
zles which still manage to escape our understanding of
elementary Particle Physics and Cosmology. The space-
time geometry can be “warped” along the extra coordi-
nate(s) with the interesting effect of linking hierarchically
separated mass scales in an astonishingly simple setup, as
first noted by Randall and Sundrum (RS) [7]. A plethora
of phenomenological implications have since been studied
in this context always assuming that the true spacetime
background metric is very close to the simple AdS5 as in-
troduced by RS. When the static spacetime background
is different, one should treat each background case sep-
arately. Nevertheless one may still try to make general
statements and extrapolations without specifying exactly
the new warp factor considered [9, 10, 11]. This might
also be a good laboratory to study the possible extrap-
olation or not of such concepts as the holographic inter-
pretation of 5D warped scenarios in backgrounds other
than AdS5.
In this short letter we focus our attention on a real
scalar field theory defined on any warped 5D compact
spacetime and such that its 5D mass term is allowed
to be negative1. Naively one can think that instabili-
1 The same analysis can be carried out for vector fields with a
negative bulk mass term in the lines of [12]
ties will always occur, but it turns out that the question
depends crucially on the boundary conditions (BC) ver-
ified by the field in the extra compact dimension. In a
pure AdS5 background (when the two brane-boundaries
have an infinite separation) it is well known that a small
enough negative mass term is not inconsistent with the
stability of the system [13, 14]. More precisely the mass
term −|µ2| must verify −4k2 ≤ −|µ2|, where k is the
AdS5 curvature. This bound is generally referred to as
the Breitenlohner-Freedman (BF) bound and when one
positions the two boundaries at a finite distance one has
to treat the bound with care (this was first addressed in
[15]). Also, when the setup involves a generic warped
geometry presumably there will also exist a BF type of
bound, allowing well behaved systems around local max-
ima of the 5D scalar potential (i.e. with a bulk negative
mass squared).
Let’s consider a sector of a 5D scenario with a single
real scalar field φ = φ(x, y) defined by the following ac-
tion:
Sφ =
∫
d4xdy
√
g
(
1
2
∂Mφ ∂Mφ− 1
2
µ2φ2
)
, (1)
where y represents the extra space coordinate. The fifth
dimension will be treated as an interval and we will con-
centrate our attention mainly on separated Neumann and
Dirichlet BC’s on the scalar field (which can also be un-
derstood as looking for the even and odd solutions in
a S1/Z2 orbifold), and perhaps comment on separated
mixed BC’s if necessary or relevant (when scalar bound-
ary terms are considered).
2The background spacetime metric is assumed to take
the general form
ds2 = e−2a(y)ηµνdx
µdxν − dy2 (2)
where a(y) is a generic warp factor. It is a solution to the
static gravitational background equations resulting from
the gravitational sector of the scenario, which we assume
is also stabilized with a fixed separation piR between the
two boundaries.
Specifically, we are interested in studying the pertur-
bative spectrum of the field φ around its trivial vacuum
solution < φ >= 0, in the special case that µ2 < 0.
The Euler-Lagrange equation for such perturbations is
e2a∂µ∂
µφ− φ′′ + 4a′φ′ + µ2φ = 0 (3)
where primes are derivatives with respect to y.
Upon separation of variables, equation (3) leads to the
Kaluza-Klein (KK) mode equation
φ′′y − 4a′φ′y − (µ2 −m2ne2a)φy = 0 (4)
where m2n is the mass eigenvalue and φy is the profile
along the y-direction of the nth KK mode.
By inspection, it is obvious that φ0(y) = constant
is a massless solution (m20 = 0) to equation (4) when
µ2 = 0. This will actually be the Neumann massless solu-
tion for any metric background of the general form given
in equation (2). From the general theory of the Sturm-
Liouville boundary problem, we know that the variation
of m20 with respect to the bulk mass parameter µ
2 is al-
ways positive, i.e. ∂m20/∂µ
2 > 0 for either Dirichlet or
Neumann fields. We also know that there is a strict re-
lationship between the eigenvalues of the Neumann and
Dirichlet boundary problems associated with the same
Sturm-Liouville operator, namely m20N < m
2
0D. This
means that when µ2 = 0, the lightest Dirichlet scalar
mode will always have a positive mass squared. But it
also proves that to obtain a massless Dirichlet mode, we
require to have a negative bulk mass µ2, equal to some
critical (negative) mass scale M2c , i.e. |µ2| = |M2c | (see
Figure 1). In the case of mixed BC’s on the field φ (i.e. re-
lating the derivative of the field to its value at the bound-
aries), there is also a strict relation between the Dirichlet
and the mixed BC eigenvalues m20mix < m
2
0D.
This means that the boundM2c < µ
2 for Dirichlet fields
is the best one can do as far as having a negative bulk
mass term. This simple general result can be seen as
a generalization of the Breitenlohner-Freedman [13, 14]
bound for the case of a general warped and compact 5D
setup, applied to fields with either Dirichlet, Neumann
or mixed BC’s:
“Instabilities will always occur in any 5D scalar field
theory defined on a warped interval if it contains a nega-
tive bulk mass µ2 which is less than the critical mass M2c
required to obtain massless Dirichlet excitations. When
the bulk mass is above that bound, the type of bound-
ary conditions will affect the stability or instability of the
setup”.
-ÈMc2È
Μ
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FIG. 1: Dependence of the lightest eigenvalue for the Dirich-
let and Neumann problems with respect to the bulk mass
µ2. The big dots correspond to the values of µ2 such that
the lightest KK mode is massless. In general, the Neumann
zero mode exists only for a vanishing µ2, while the Dirich-
let zero mode will exist when µ2 reaches a critical negative
value −|M2c | which depends on the details of the setup. The
curves are model dependent except for the fact that they never
cross each other and they increase monotonically. The light-
est eigenvalue of the mixed BC problem will always lie below
the Dirichlet curve which therfore sets the best bound on µ2.
We can also look at things differently, specially perhaps
if cosmological phenomenology is of interest. Instead of
studying the dependence on the parameter µ2, we can
hold it fixed to some negative value and instead treat the
distance piR between boundaries as a free parameter so
that we can learn about the dependence of the eigenval-
ues and eigenfunctions with R, while holding everything
else fixed. Again, we invoke another general result from
the Sturm-Liouville theory, only for the Dirichlet case
this time, which states that ∂m20D/∂R < 0 always. This
means that if we fix µ2 in such a way as to obtain a
massless Dirichlet excitation, for a given boundary dis-
tance piRc, then we know that for R > Rc, we will have
instabilities whereas for R < Rc the system will be well
behaved. Moreover, as R → 0, the lightest Dirichlet
eigenvalue will always diverge to +∞ (see Figure 2). In
the case of the lightest Neumann eigenvalue, we know
that it must be less than the Dirichlet eigenvalue, and
that when R → 0 its value approaches the bulk mass
µ2 (see Figure 2). The lightest eigenvalue correspond-
ing to the mixed BC case is always below the Dirichlet
one, and in this sense again, it is the Dirichlet eigenvalue
which sets the tightest bound on the possible size of the
interval in order to avoid instabilities when a negative
bulk mass scalar is considered.
It is very illuminating to consider a simple, yet non
trivial example, for which one can define explicitly both
the critical mass and critical radius in a transparent way,
namely a scalar field defined in a slice of AdS5.
AdS5 CASE
The background spacetime metric now contains the
3R
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FIG. 2: Dependence of the lightest mass eigenvalues for the
Dirichlet and Neumann BC’s cases with respect to the size
of the interval piR. µ2 is negative and fixed, and Rc is the
radius of the interval such that the Dirichlet lightest mode is
massless. The curves are again model dependent, except for
the fact thatm20D(R) is always monotonically decreasing with
R, it vanishes for R = Rc and it has the limit m
2
0D(R)→ ∞
as R→ 0. The Neumann eigenvalue m20N (R) is always below
the Dirichlet curve and it has a limit m20N (R)→ µ
2 as R→ 0.
For a fixed and negative enough µ2, there is always a critical
interval distance piRc such that above it, there will always
exist instabilities, no matter what boundary conditions one
imposes.
warp factor a(y) = ky, where the AdS5 curvature k
depends on the bulk cosmological constant, adequately
tuned with brane tensions on the two boundaries of the
interval2. Equation (4) becomes here
φ′′y − 4kφ′y − (µ2 −m2ne2ky)φy = 0. (5)
Solutions of this equation are well known in terms of
Bessel functions (see for example [17]) but it is simpler
to study the conditions to obtain a massless excitation.
When settingm20 = 0 to equation (5) the general solution
is then
φy(y) = e
2ky
(
A sinh
√
αy +B cosh
√
αy
)
, (6)
where α = 4k2 + µ2, and A and B are constants. When
α < 0, the hyperbolic functions are simply replaced by
the trigonometric sin and cos functions3. From the pre-
vious section we already know that for Neumann bound-
ary conditions, the massless solution corresponds to a
constant and exists only when the bulk mass is zero, i.e.
µ2 = 0.
The Dirichlet case is more interesting. When α > 0 it
is easy to realize that there will never exist a massless so-
lution, i.e. the setup is always stable. On the other hand,
2 We assume that some mechanism (for e.g. [16]) fixes and sta-
bilizes the extra dimension, with negligible backreaction on the
metric so that σ(y) = ky remains an acceptable solution.
3 And if α = 0, the solution is φy(y) = e2ky(Ay +B), with A and
B constants.
when α < 0 the Dirichlet condition picks up the trigono-
metric sine function, i.e. φ(y) = Ae2ky sin
√
|α| y ,
meaning that a massless zero mode solution can always
exist as long as the interbrane distance piR is such that√
|α| = 1/R. The condition on the (negative) bulk mass
is therefore µ2 = −4k2 − 1/R2 = M2c . From the previ-
ous section we know that when µ2 < M2c , at least one
tachyonic excitation appears, whereas for µ2 > M2c the
Dirichlet system is stable.
The critical distance piRc, for a sufficiently negative
bulk mass µ2 is given by 1/R2c = −4k2 + |µ2|, so that
when R > Rc, instabilities will always exist for any
type of scalar (Dirichlet, Neumann or mixed). When
−4k2 + |µ2| is negative, this indicates that the strict
bound on the interval distance does not apply since
Dirichlet excitations will always be stable, but Neumann
excitations will be unstable (for µ2 < 0), and mixed BC
excitations can be either stable or unstable depending on
their specific BC’s [15].
Outlook
In the context of a warped and compact extra dimen-
sion, we studied the limits on a negative bulk scalar
mass term such that perturbative stability is maintained.
With very simple Sturm-Liouville theory techniques, we
managed to show that there will always be a negative
mass bound, and pointed out that the best limit will al-
ways correspond to studying the Dirichlet BC case. We
also noted that even in the RS metric, one can obtain
a simple and transparent negative mass bound corre-
sponding to the Breitenlohner-Freedman bound applied
to a slice of AdS5. Namely, any 5D scalar field theory
will always be unstable around the < φ >= 0 back-
ground if the scalar bulk mass µ2 violates the bound
−|µ2| > −4k2 − 1/R2, where piR is the interval distance
and k is the AdS5 curvature. It is however unclear what
would be the holographic interpretation of a bulk scalar
field with a negative bulk mass below the original BF
bound −|µ2| > −4k2. In the usual AdS/CFT dictionary
a bulk scalar field is interpreted as a 4D field coupled to
an operator with scaling dimension ∆ = 2+
√
4 + µ2/k2.
Now if −4k2 − 1/R2 < −|µ2| < −4k2, this term be-
comes imaginary, suggesting that O(1) boundary correc-
tions might be needed for these fields.
One can also understand the mass bound as a bound
on the size of the interval, such that for a sufficiently neg-
ative bulk mass, there will always be a critical size above
which the setup will always be unstable, no matter what
BC’s are verified by the fields. Our original motivation
for studying this setup was the search for instabilities of a
Dirichlet scalar field in a warped 5D setup, in an attempt
to generalize some of the results of [18, 19]. Cosmologi-
cally, one could imagine a scenario in which the interval
distance piR changes on a cosmological time scale decou-
pled from the scalar field excitations scale. Then, when-
ever the interval size reaches the critical size, the scalar
sector of the theory will have to undergo a phase tran-
sition, either restoring the scalar potential symmetries
4or breaking them (note that no thermal effects are con-
sidered here since this is a zero temperature analysis).
It would then become necessary to study the existence
and stability of other possible static configurations of the
scalar field sector (coupled now to the gravitational sec-
tor), into which the system could decay. In the case of
a flat spacetime (with a decoupled gravitational sector),
this was studied in [18, 19] and the case of a warped extra
dimension is under current investigation [20].
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Appendix
Let’s consider equation (4) written in self-adjoint form
(pφ′)′ − qφ+ λwφ = 0 (7)
where p(y) = e−4a, q(y) = µ2e−4a and w(y) = e−2a,
with λ = m2n being the associated eigenvalue and a(y)
being the generic warp factor of the setup. Note that
both p(y) and w(y) are always positive. This equation
is understood as a boundary value problem in the inter-
val [0, piR] and its solutions, when satisfying appropriate
boundary conditions, form a complete and orthogonal
set. The boundary conditions (BC) that we will con-
sider are Dirichlet, Neumann and Mixed (or Robin) and
we will write the associated eigenvalues as λD, λN and
λM . A well known result from Sturm-Liouville theory
relates the eigenvalues of different boundary conditions
associated to the same self-adjoint operator, namely
{λNn , λMn } < λDn (8)
where n is the index of the solution, which corresponds
to the amount of nodes that the solution has.
It turns out that one can also study the dependence of
the eigenvalues λ with respect to the parameters of the
boundary value problem, such as R or µ2 in our case.
One can prove the following very general results verified
by the eigenvalues of different types of BC’s:
∂λD
∂R
< 0,
∂λN
∂µ2
> 0, and
∂λD
∂µ2
> 0, (9)
where positivity of p(y) is assumed. For example, let’s
first write the Raleigh-Ritz formula for the eigenvalue λ
λ =
1
N
∫ piR
0
[
p(y)φ′(y)2 + q(y) φ(y)2
]
dy (10)
where N =
∫ piR
0 w(y)φ(y)
2 dy. We can now take the
variation of the Neumann eigenvalue λN with respect to
µ2, holding R fixed and obtain simply
∂λN
∂µ2
=
1
N
∫ piR
0
φ2e−4ady > 0. (11)
This result must be derived with care, since the eigen-
functions φ depend themselves on the parameter µ2. The
other positivity results can be proved in a similar fash-
ion and are known results of the general theory of the
Sturm-Liouville problem [21].
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